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I, INTRODUCTION

The present report is the first quarterly report under Contract
NASw-1586 and covers the period 25 January 1967 to 24 April 1967. The
problem being considered is the boundary layer that will develop over the
segmented electrode wall in an MHD Channel when a non-equilibrium plasma
is flowing. In our analysis the characteristics of the plasma sheath at the
base of the continuum boundary layer as well as the variation of the electron
temperature through out the boundary layer are considered. Due to our
desire to study finite electrode segments in the wall over which the boundary
layer develops, we will use a finite difference technique in solving the
boundary layer equations. This will permit the study of non-similar behavior

in a reasonably accurate way,



II., ANALYSIS
The formulation of our problem will be for a two temperature plasma
under the following simplifying assumptions
1, Steady flow -;T— =0
2., Laminar flow
3. No induced magnetic fields Rm =0
4, DPlasma consists only of electrons, atoms (carrier and seed),
singly ionized ions (carrier and seed).
5. Plasma composition determined by Saha equation evaluated at
the electron temperature,.
6. No continuum radiation losses
7. Collision free plasma sheath
8. Only thermionic emission
9. Neglect pressure differences normal to wall
The geometry of wall along which the boundary layer will develop is

shown below.
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The basic equations are developed below in boundary layer form.

Mass Conservation:

3 3
—_— —_— =0
5, (Pu)t 3y (pv) (1)
Momentum Conservation:
du du  09© ) < du ) .
pu ax+p"ay =" 3x H 3y +Jsz (2)
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Overall energy conservation:

2
3 h* dh*  3p (au d
puz, tevy, c um, thlge Y) " 3y (qy)

+ Jy Ex + JY (EY - uB)
The heat flux vector is assumed to be of the following form

=T = -
q ; q, where q K _VTS + o hsy-s

%
Now let us express h more explicitely

kT I
%k %k %k
h-<gpn he o= = —S 4 S
o] s s s 2 m m
] 8 s
so that
p pC P A+
h* _ A 5 kT + s 5 kT + A 5 kT
2 m, o) 2 mc o] 2 m,+
s
0] o) I
Cst 5 xT e 5 <To Par Ip €+ C
+ E m + 2 m + m + m
P c, e p A P
or
" n,+ nCs+
h =h+ IA + 5 Ic
s
We can then rewrite the heat flux vector for s as follows
2
m n
g =-K VT +m n h V + —5 85 1 V
=5 s s 8 s s~s o] s ~s
so that
5 kTe SkTe
= - — = - 3-\ T - 3
4 Ss_‘, KsVTs + mene 2 me Y-e S’KSVTS 2e -le

Then the overall energy equation becomes
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Next, let us write

D+ N~ +
I 0 (Cs>+ I o < Cs >
ou C 3x \ p pv € 3y

o
al’1€s+ anc: u 9p v_ 9p
:IGS v dx tv oy -nC"; <7 0x +? ay>

and the energy equation can be rewritten as

* * 2
oh., L 2n _ap (B [ aTs+5kTe ,
puax pv ay - dx H ay d Je

y
+j E +j (E - uB)

o]
anc: nC: <u£g v Bp)
-1 u + v -n — +
CSL dx ay Csp dx p Oy
on ¢+ dn,+
) )
I AL A _n+<_u__e+.1_ __Q>]
A | ox dy A p oOx o) oy

and the last two terms are equivalent to the T . I term commonly

ions
included in the energy equation,

Next —aR

3, can be obtained from the momentum equation evaluated at
x
the free stream, Then

du du _ 3p . 2 au> ,
puax“’"ay" 5x+6y "‘ay +Jsz
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and at o

duw op
Po Yo dx  ~ ox + Jy Bz
. du
.. Sp _ . B ®

dx :Jy z_pwu“’ dx

and the energy equation becomes

* *
A N Mo (Y 2 gk e, KT
Pudx TPYTy T T Pe%"Tax TH|Gy dy s 3y ' 2e
+j E +jE
J B + 1B
anC: anc: 9p v ag
u
’Ics "Tx TV ay -nCS+<p3x+p 3y
[ dn,,  dn,4
R S [ S en. oy | 220 v %0
A ) oy A p Ox p Oy

Finally, we have to reexpress the two last terms on the RHS in terms of

Te’ T, u. Now Ney and n,4 can be obtained from the Saha relation.
]

nenC: ZﬂmekTe 3/2 eICs
= exp | - = S(T )
nC kZ kTe e
]
nn,+ 27m kT 3/2 el
_EA_ =12 S - - exp - =r (T)
n, kZ kTe e

also n_ = Noy tn,+ . The ratio of the original number density of Cs as
s
compared to Argon will be specified. So

nc.;.+nCs nC:+nCS
P= - + = n
Da+t ™ Bp A

Also, assuming each species is a P, G,

p:?:pi:k[ nA+nCS-nA+nC:—| T+kneTe
i 2

or p= knAT



Now we write from Saha

(né:)'r (nc48-> (nA+) = S(Te) nCs
(n_i_l_) + (nC:><nA+): T (Te) n,

2
Assuming, however, nc+i‘ 1014/CC nAE 101 /CC then
s

== S(Te) n~
s s

and
reend) - 5

But from the definition of P

n =P -n .4
Cs n, Cs
: 2. -S(T) |P=2 -n
© Tet TP kT ~ ct
s s
2 PpS
or n~+ + S (Te) Net = TpT T 0
s s
2
and nc_; =- = + n + XT
S 4P 4Pp -2
. 2 =P _ 2
or N+ > 14 *TS 1 when kTS 10

s
When S is very large, corresponding to nearly full ionization, the above
may prove very inaccurate for numerical calculation., For this case we

expand the ,/ and use

n

1

—&E[I-Ep—] When‘l.—PE <10-2

c: kT kTS kTS
also
T
n ) r{ e) nA
A+ nC+
s



If we wish we can also write

-C_/T
s(ry-c. Tt3/%e 2 e
e 1 e
-C_/T
2
fT )=12C. T /%2 3 ¢
e 1 e
where
21Tm kT
C1 =
C2 = el c C3 = eI [k
s
8nC+
Then we can write out to begin with 3 2 using
S S2 PpS
"ct Tt 2t VT T T
and S(Te) directly above.
Now
Onc+ 3T
s _g e _g dh + S dp
dx T 71 9x 2 dx 3 dx
where — -
AN A
S. =S + = +
1 ZTe T 2 ) P
e \’
SZ _ 4Pp
2 4Pp 4P
kaT 1+ XIS \/
Similarly
Bn 4
3
_is_ -8 Te - S Sh (i& _ >
oy 1 9oy 2 dy )



Accordingly, neglecting Argon ionization the overall energy equation becomes

m, e du“+ 3o \2 KBTS+5kTe .
Puzx TP dy Pa U™ Tax H dy s 3y 2e Jey
+JxEx+JyE
3T
e oh dp
e %% Tox T%%ax T
3T

e dh u_ 9op v 3p
VS 37 T ey ne<p 3x T p ay>

but the last two terms can be rewritten as follows: Assume the overall

plasma density,pressure, et al, is that of a perfect gas (argon).

Then
R | Sp 2
p:pRT:pTh . » p: R h
p
Then
C
1ag__lcp1ah+1 b 1 dp
P ax‘pRth 3 x o h  dx
1 3 1 dp
"7 h x p dx
. w % ., v % __ uw Sh v 0Oh _ u dp
© ot p Ox p Oy h ox h 9dy p dx
The overall energy equation is then
%h , _dh Mo (2w 3 - 0T, SKT,
PUSx p"ay =T PeUet Ty H dy oy s 0y 2e Jey
0T
. . e oh dp
+JXEX+JYEY-ICS[uSI 3 -uS2 - +uS3 3
oT
e oh w dp _u 9h v Oh
+VSl oy -VSZBy_ne<p dx ~ h 3x h y)
du

_dp_ _ s . =
But we know A to be Jsz Po Yo T ° Then



X y ® @ d oy
3 BTS 5kTe
+—<=—| K + j
oy s S oy 2e ey
oT
. e oh
+jE +]j Ey-ICS uSl S5 -uSz ™
du oT 3t
+uS3J B —uS3pmu I +vSl—a— -VSZ—y—
u duco u oh v dh

Before proceeding it now is clear that we have to say something about
isE ,j, E ., We will make the following assumption,
X X Yy Y
1, Over an electrode j =j (x), E_ =0 for ally's,
Yy Y X

2., Over an insulator j =0, E = E (x) forally's,
y x x_

Then jx and EY can be determined from the two components of Ohms Law,

Neglecting electron pressure gradients they are

. g
i, = — {(Hﬁeﬁi)E -8, (E -uBz)}
¥ 4B B +B] e 4
iy = °2' > { (148 B ) (E -uB ) + B E_ }
© (148 B)° +8] -
use the 2nd relation to replace (Ey-uBz) in lst,
we get
. c Be .
Jx 7 148 B Ex " Tg
e i [--] Yco
and
B j = 0where E  # 0
WEe = T ET Be - TE A Uy B Va e
* e"i  Te e i Yo E =0wherej #0.
x@ YQ
0




So

. g 2
jJE = ——— E
X X 1+ﬁeBi x

Next, solve the 2nd of above eqs. for E .

. 2 2:]
1+ )+
B - X [( PPy *Pe e E_ +uB
y o(1+8 B3 1+8 B, X z
Then
2
j 2 2
Iy (148 B)" +8
i E_ = Y +uB j
yy Y lse i 2 Vs

Using these relations the overall energy equation becomes

h,  dh __ ud“w>+ dul, 2| gx s
PERI%TPY Ry T\ PV ax J UTH Ty 3y | [ s dy

5kTe o 2
+ (a j +a,E ) + —— E
2e 1 Ve 2 X, 1+ﬂeﬁi X
2
j 2 2
Yy, |48 848
+ 1+8 B +uB j
g Be i Z Vo
oT du
€ dh . ]
- —_ - _— B -uS —_
IcS uS 3% muS, 3% TuS, Yy Y23 Pete ax
+ vS °Te s b [ wm . p _u i‘.l:
M| oy VZBV e p‘]yaz ppww dx
u  oh Y dh
" h 3x h oy
Electron energy Conservation:
The general form will be taken to be IC

3 . S5kog s s .
v . (ne-Y- [ZkTe+ICS:|+V |:- KeVTe-Z eTe'Le e e]

* %*
+pyVey =E *j +3p k(T-T)Tv _ /m
) s
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which we can rewrite as

3 5 k.. .
V- (nez I:E kTe:|> -V-[KeVTe+'£ ;Tele:l+peV- v

* IC
:E: ."le+ 3pek(T-Te)Z} ues/ms+ V. i
..IC V (ne_y_)
s
In boundary layer form this can be simplified to
T dn 0T on
3 e 3 e 3 e 3 e
= = —= 4= =kvT
2kune S + 2kuTe - +2kvne 3y + 2kv e 3y
aT
5 du dv 3 e , 5 k .
= - K -~ =T
+ne[2kTe+ICs:|<ax+ay> dy e By+2e eJeY
14
°s
= - j k (T- by
E_j +(EY uBz) i, +3p, ( Te)
b y s
ane Bne
“lc v x e Y oy
s s

Now we have as before

ane _s aTe S dh +S dp
dx 1 dx "2 3x 3 dx
Bne s BTe < 3h
oy 1 oy 2 9y
Now we need an expression for je and je . This we obtain from
X y
Bxj
Le=Ll*8; 73
zZ
Then
ﬁi
Jg = I - B i =J -8.]
e X Bz z'y 'x i%y
_ + BiBz A 8
Te _Jy Bz Jx-‘]y idx




also as before

. (4 Be .
Wt T, | Fx, T T
e i ® Ve
So that
CURET J [ N B kot W
eY Ve 1+8 eB ; 148 eB ; X,
or
Je =% Jy +OL2 Ex
Y - -] [- -]
then
- E - i
Ex Je b4 Jx Bi‘]y I Ex
[- -} X - -] [ -] [+
0
or
o 2
E j = E
x, e 1+BeBi X
and 2 2
[(HBeBi) +Be] 2 R
(E_-uB)j_ = > c5° - z.oﬁiE
©
y o (148 B,) = (148 _B,)
then 2 .2 72
Jo Byt (E_-uB ) = > -t > E
x Ce Sy 7 (148 B (148 8,)° e

So that the electron energy equation can be rewritten

3T 3T 3T
3 e 3 e 3 e oh dp
2 KU 3x T2 M oy +<sze+Ic>“ 513% " %2%x " S3ax
3T
3 e oh 5 du dv
+<2kTe+IC§>v S, ay'sz 5y +ne[2 kTe+ICS] (ax + Y)
. 2 2 j
3 °T, 5 x (148 B.,) +8, Ve
dy Kea +E;Te<a1‘] +a2Ex - 2 o
Y Y Ve (148 B.)
. e 1
1 %4
2 es
+ —% — E° +3mn k(T-T )3
2 b4 e e e
(1+Beﬁi) ® s
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Now we have to reexpress — 4 2y . Thus
o x oy

Lo} 3
K(pu)+€;(pv):0

and
du ov dp dp
p<ax+ay>+“axf"’ay =0
-1 -1
SQu , dv __u 9p v 3p _ olu L — ;20
dx 9 ¥ p x p Oy 0x oy
and we as well replace —gi— from before
du
dp _ . - >
dx _Jy Bz poouco dx
-]
The electron energy equation then becomes
oT 3T oT
3 3 e 3h
2kun - +2kvn 3 +<2kTe+ICS>u S1 S S2 ™
+S,j B -S 2 +{ kT +1 saT s, 2h
3y T2773Pe"e ax 2 "e e )V )1 ey T P20y
-1 - oT
5 9p 0 ) e
= K
+ne|:2kT +ICS:| pu 3 +pv 3y 3y e 3y
2
2 2 j
5 k (1+BeBi) +ﬁe Ve
2 e Te (Mg T RE, )17 2 o
c ¢ Ve ® (1+8 8.)
e i
2 Ve
g S
4+ — F +3mn k(T-T )&
2 x e e e
(1+ﬁeﬁi) © s s

We next transform these four equations to new independent variables,

those of the Levy-Lees transformation, as follows

£(x) = r(pp)r u_ dx
o

13




u_ y
nlx,y) = ———— I p dy
\/. 2¢ o
so that
3 ) o)
dx (p“)r ™ ok + nx an
I ELAC TN
oy \/EE— an
and where
V = ___Z_E___ £ .’.' + _ﬂ_
(op) u, x ' or

The equations become

Continuity:
ofr 3V L
Momentum:
du
df dfr  2¢ ® [ ,2} 3 Af!
2% TVon T o, Ta BT )T B Mo
Energy:
dh 2¢u du
ag ag 2€ f! ® _ © 1-1S £
280 e TVt Th, h_de (1-15,) f'g
2 2 Te
, = {<af'> L2 [4 _8_&} ® 3 [k ae]
’ 9
h“ on on PR 3n Tw an n
V2g KT« j Ve KT_ a,E
4 5 > Yo 36 +é ® © 38
2 lop) uprTme dn 2 (pm)_ uprTae 3n
V2E XT ) j V2g XT_ al E_
5 eaol Ve g + 5 € ] A
+ — —-—
2 (pp)ru&Cmee 2 (p‘..t)r uQCpTQe
(Cont'd)
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+ 2¢ 1 Foo + Ve (1+Beﬁi) +Be
p (FI'M)I.Q“,‘“‘,° e1 e
E szw g 1 ew ae
; o (-183) - —¢ 1 _o & ¢
(pu)r p meuw p @p&
dT
iIs. T V °
1 IS (2¢)
S -1: B de g£'0
prme °n p”CPT‘”
S (2 dT
) 15,8) oy 1S,V Y ,(2¢) < ,) 24
o g d¢E o g on o, T& dg
26In_ . 2 In_ L2k In_(2£) 4T, fig
C Tele °f CpTwpw on C TZP i
p (- - -
1 n_ Jym(zg) Bz 1 “mne(2€) dum
gt - C T d gt
Electron energy:
2
3 3 (p“)rTemu‘” )
3 3 s 28 f' —
® s
dT 2
o (op) h_u
aq f'O © 3 ] r ® ® |-§-g
£'6_ - kT 6+1 2¢f
+Van+2§T e SZ[Zk ee ( 2¢ > : of
e «©

-]

du

dT
dg flg _=| (3 > = £!
+v=Ei2¢ T. @ <2kTewe+I S,P, Yy aE (pu)r
o w?c (op) T
o o P r e ae
(é T 6+1>S iy By Ut - - 36<A >
+ Zk e 3Jyw zZ ® 2tg an
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p& um

5 k . o)
ZeT J B(eal)-

(ST
o %

g V2§ ICREI 8V/2E ®o Ya
2
(op) _u dp
5 ——r = 28, 28 _ 2&f'g ®
+n_ szeme+1:| 7% 3 288 5 + V5 - o i
2
j 2 2]
2 g Ve [(1+BeBi) +3e
- Ex 2 + c 2
® (1+BeBi) (1+ﬁeﬁi)
T‘m us
+3menekTe g7 -OE’Tn‘
@ € S S

Finally, we reduce these equations to finite difference form and obtain
the following results

Momentum eq.:

A11 fm+1, n+l * Bll f|m+1,n+ BlZ gm+l,n+ C11 f'nr1+1,n-1 = D1
where

A . VBE LAE o A'AE

1 ' 2 8E f'
1 8¢ f'An A€ £'(AD) £
. N LAE
- 1tz aE 2

® 2¢££'(An)
d
B . .-BE e
12~ 7 2w f' dg
®
A Y-S L BE 4 p'AE

C
11 B¢f'AN 4£f'(An)2 8¢ £'(An)

D = f! 1 - AE du“’ _VAE o1 _AE duun
,n 2u_  dg agf" "n " 2u_f dt Bm,n

; XBE . LUABE)
46" “nn 4 f! ]
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Overall Energy Equation

' A A 1
A21 j5m+1,n+1 * 22 gm+1,n+1 + 23 em+1,n+1 + BZI fm+1,n
L]
B2 Bmtl,n T B23 i1 ,n T C21 fmt1,n-1 ¥ €22 Emitl,n-1
+ C23 8 m+tl,n-1 - DZ
where
2 o
Py Y T

217 26 C T 247

' In V 1SV
A L D . 24 _<L>+ e 22
P

= - g
22 B¢f'An PRAn Cmepw o, m,n
T T
e
A . —BE& | 2 "= ., e
23 BEf'An an T T,
> IS T V
> Ve e (a i +a, E )+ i g
j _
Z(pu)ruprTwe 1%y, 2 x mep e M,n
Bop 70
u du dT
B - 1.2 ) _= ® (1-1S.) - —— =
22 2 ¢ T, d 37 T_dg
2
cE j 2 2
] x_ ‘]ya° (148 eﬁi) + B o
+ +
£ C T (op)p u’ B AR, O 148 B
p © Tr ® o
Bz Jym Ine- dTe
+ (1-1S.) -
(pu)GCTwpmuw 377 & 2 d¢
p [--] -}
In j B dT
e'y, z Iumne dum +ISI(A€) e, .
p(p;.},)zmemeum pCme d¢ pQCpTQ d¢ m,n
IS S
L2 i (AE)1LS, dT ) N In, P-Y 1
P 1T PeTe 46 "mn Cop T, 26£'(An)° TR
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At Te Ve kTe,

ot A 5 .
B__ = X - = ——~——(a'3 taL E )
2 ageam?® e HE 2 k) CpTee WYy, " 27k,
15T, 1s.(ag) 9T
+ - ® g + 1 ® g
Cmep‘m m,n p“Cme d§ m,n
uZ
At ®
C = —— 2 f1 = - A
21" 4gf'Ap C T ' 21
c . _BDE [_V_Z <L>+<L>'+Iszvg __In_ev__]
22~ 8tf'An bn \P, Py o, Em,n Cmep“
T T
2 T
23 8 fA'A -2 ;m Ik ;m A +§ gkccfr (°‘15 to,k )
Ef'An o BT o (pp)u,C T e Yo 2 X
IS T v
1l e
[--]
g
prme m,n
d
LY Sl i M (1-15,) - {&£&) -
27 Tags " EnT 28mn CT e 377 T de
p -] (-]
2 2
cE j 2 2
s At X . Vo (148 B +B
2 1+ . 1+ .
f'Cme(pl.L)rp;)muclb ﬁeﬁl o Beﬁl
. R
(8£)B, v In_(Ag) dT_ Ine(AE)Jym z
+ (1-1S)) - +
(pp.)GCTwpwuw 3 c sz dg p(py,)rprmeuw
p @ [--]
) l'.ua° ne(AE) duw . At . ) . (__L_)' .
) Cme d§ 4¢ f' PR nn PR n
T T
e, e, 5 \/ngTQ
+ X8+ e+ <j+aE)9
T, nn T n 2 (pp) u C T e Wy %% )9q
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IS T V
e

+2 * e (" +a!l E )e e
2 j >
2 (p#)ruprTme 9 Yo 2 "x_) m,n prpTu°
IS .V InV
f—E— g g -2
P mun'm  CT o °n
IslTe IS In
f—= 5 g T R
Cmepw m,n m,n Py m,n CpTpr m,n

Electron Energy Equation

+ B
em+1,n+1 31 f m+l,n

A f A A
31 T, 41 T 232 8ma1,ne1 T 33

]
+B32 gm+1,n+]333em+1,n+c31fm+1,n—l+c32 gm+1,n-1
tC338 41,017 D3
where
Agp =0
n <-5-kT e+1> 2
2 e 3 \ (py,)ru v
A,, = . '(E kTewe+ 1) 5,C, 3L (B
2
3 3 ] (p“)rTemu“’ !
A33:[Ekne+(EkTeme” %) BEAN
(op) Cp u’T X (op) Cp ul’T N
PH)LCoP oY% e PH), Coo.Y, .
B 2 B 8
4tg (An) febm
5kpcu°Te (
. -]
- a. j ta, E
8eg V2E Am ' Ye 2 x°°>
(p“)uz aT_
3 3 r o ®
Bay = [ane+<2kTe“ e+~1)sl] 2 aE %m,n

3 )
-ne<2kTe A+1
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32~

33 °

31

32

2
(ou )ruw dT

3 ©
-S (-—kT +I> _
2 \2 eme 2 Cp d¢ gm,n
du IS du
3 3 © 3
- — S —
4k’1.1em 3 (Du)r P Vs d¢ em n 2 (p“')r poouco d¢
IS u
3 . 3 ®
+=kT S i
4 e, 3umJy&Bz 9m,n+ 2 ‘]y'm Bz
ne<2kTeme+I> 5 , £
- - -— —ﬂ'_.__
P (2 kTewe+I>SZCme (p“)rum Y
2
3 (p“)ruoo dTm
-S <—kT ) ) 1
2\2 e §+1 2 Cp d¢ fm,n
-}
Ve
- 3 mn kT ¥ =
2 ® m
s s
2
(op) T u“f
3 r € ©®
[an +< ZkTe 0+1 Sl:, AE
@®
2 dT
3 <3 ) (op) u €
+ | =k + \= kT +1I)S — !
> kn > emQ > at fm,n
du
- — k 1
4 Te SS (p“)r P dg fm,n
(-]
(op) C pu, T X Puln T,
-] © Sk 1 1
¥ 2 ) 4e <a1J +a2Ex >
2¢g(Bn) vV2E g ¥ o
v .
3 ®s 3
+ —m n kT — + = kT Su B f
2 e e m 4 e 3 ® z m,n
® g s ©
=0
n (3 kT ] 9+1) ; (ou) w2 v
= - -(—k'r 9+I>SCT =
g 2 e 2 p e 8§4n




2
(op )rTe u, v

| 3 3 o
| Cyy = - [2 kne+(2kTeme+I> 51] T

2 2
(on), Cp P U, Temx (om) Cppwu& T% A
- +
4t g (A'r))z 8€g (ATI)
pwuaTe
© 5k < .
+ o j + o, E )
2 /2€ g(An) 4e 1 Ve 2 X
Zl
[ 3 3 ] (p“)rTemu“’f
D, = Ekne+<EkTem9+I 5, Az 6 n
2
_3 , . (pu)rTewum A2
| - Ekne+<—2-kTe 9+I> Sl 2t 617
[ B ©
\
[ (ék T @6+ I)
2 e_ 3 5 flm N
-{ = o,n
' Lne & <2 kT%eJr I> 520 e [PH) B0 TAE  Emn
5 )\
( > k Tew9+ I/ X (Du)ru:V
- Lne . -(EkTewg-FI)SszTw -T gn
d f!
5 2 1 P m,n
+ne(2 kTew9+I) (p[.J,)r u_ » T ZL
(o) Cp u’T A
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The boundary conditions must then be specified. We have as a re-
sult of channel flow calculations (carried out by Mr, Nichols group at Lewis

Laboratories) the several variables at the outer edge of the boundai-y layer.

u“ = uw(x)
p_ = P_(x)
Tm = Tm(x)
T = T (x)
e e,

Along the wall we have

u = v = 0
T = TW (x) or q = qW(X)
Finally, the boundary condition on Teis obtained by equating the normal

current flow from the wall to that which passes through the sheath, and

requiring continuity of heat flux across the sheath interface. Thus we have

n e(vy -8 T
e e RTe e
j + i S, AS— e w -n e
y w 4 e m
® L4 w C
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and

e
aTe 5 Je ne <Ve> kTe'w
5 _ w
K \35 + 3 ——Y—e kT~ = (2kT, +e|A4pl)—————4 e
| w w w

To put this into suitable finite difference form then we proceed as follows:
At the wall we want a linear B,C. to fit in with our linear system of

finite difference equations, Thus,

fl
w, =Hw, + Fw_+h W= g}
L 2 3 { ;] m+ 1,n
1 — - — - -
We note that f' = 0 at the wall (n=1). Also, Twall = const. so ql-Tw/Tco(E) =

gw(g ). For 8 we have problems., We have two equations to work with, each

containing § and Ay, and have to eliminate A ¢ between them, So

-e‘A!d

ne e(Ve)

and

: -] ®

ol -} 5 /. k
-2 = = = {2
KeTew<a ) + > <Jey> o Te 6 kTe 6 +e|A<Pl X
w

alternately,




Next write

2g  738,146,-6,
dn w - 2An

Then we have

C T- - \
AC (pm) u_ ‘[3331+492 93} 3 9
. 2 2
_dm Lo v)
j +i -
Vo W 28 + eld o |
1 kT
ena
-n [S]
e
w
or
o\ o asloal) 20 (e Ly sy
Jy W 1 kT - > 2An 2 {le e
@ ew k ug Y w

elaol [
kT 8
e 1
e ® = J+1>+en
yaw e
L
-
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This is highly non-linear in 61. Since we wish to deal with a linear system

treat 91 in & and''d'terms as em 1while 61, 92, 63 in linear terms are
‘4

9m+1 1 etc., Actually, we must express our boundary condition at m + 1/2, n,
?
So,
em+1,1+em,1 . B em+1,2+emg?. ] + B 6rn+li3+en;!‘3
2 B 2 2 : 3 2 i
where
lecp(p“)ruoo
B - k26 (A7)
2_ ————————
kT 6 3X,C _(pp)_u ,
24Inal} j +i +en eml + 1 p rw..—:-j
Yo ¥ Sy m_ 2k 28 An
1
= - — B
B3 4 2
and where
-1
2mm
a = + <
m
c




ne =ne(g1, el) ’ (je ) = je (gl’ 91)
w y W Yy

Also all § dependent quantities, j ,u_, Te , are evaluated at m + 1/2 location,

=+ w©

Now 91 will be treated as an iterable quantity., That is, for first calculation

take Gm X and for subsequent iterations take en’x,l
9

+6
Finally, 2

mt+l,1°

em+1, 1 BZ em+1, 2+B3em+1, 3 * [Bzem, 2+B36m, 3-6m, 1]

or
6.0+1,1 = B2%mt1,2™B3%me1, 3784
Then
0 0 0 0 0 0
H=]0 0 0 F =10 0 0
0 0 B2 0 0 B3
0
h =
!
B4
where g, = TW/’I‘eorn+1 and TW = constant, Twm+1 corresponds

to T_(§) evaluated when £ corresponds

tom + 1 location.

Note that B4 = 0 in first calculation but could be non-zero for any subsequent

iterations!
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III, PROGRAMMING FOR COMPUTER CALCULATIONS

The flow charts for the computer program developed for numerical
solution of the boundary layer equations according to an implicit finite dif-
ference scheme are given in the following pages.

In summary, the dependent variables from a given profile are as-~
sumed known at the Mth station, Use of these & the free-stream quantities
known ot every station allows then, through the finite difference scheme, the
determination of these quantities of profiles at the M+1 station, the next point
along the channel., The programbasically proceeds as follows:

1) Initial conditions are set at the Mth station, and profiles are

assumed at the M+1 station,

2) Average profiles are computed for the M + -;— station,

3) The coefficients of the difference equation are computed based on
the average profiles,

4) New profiles are solved for at the M+l station from the difference
equation,

5) Comparison of the new profile at the M+1 station to any previously
computed profiles at the M+1 station is made and a convergence
test is performed,

6) If convergence is established, the profile is written out and the
next station is treated; if convergence is not satisfied, the most
recent profile is used in repeating from step (2). The iterative
process for determining the profile at the M+1 station may be
terminated either by satisfaction of the convergence test, or

completion of a prescribed number of iterations.

This program has been written for a more general case for some work
of Blottner. It has been successfully run, and the computation scheme is known
to be valid. The major effort up to this time has been expended in acquiring
a familiararity with this extremely complex general program and extracting

from it those sequents immediately applicable to the present task, A very
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efficient program has evolved from this procedure with the additional bene-
fit of having a guideline to follow, in the form of the general program, which

will facilitate debugging.
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MHD BOUNDARY LAYER MAIN PROGRAM

1n M CATOR

T NRT ST =]
N K = |

NTIMES =
MEDGE =

C AL\
EDGEL

O

e n = i i

S 2
/7 AL
'\ N\(TLST)

§N=lv
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MAIN PROGRAM (Cont.)

N AT
= Nel

C AnL
WO Sues

Nk =)
NK: KK z | NvmN = |
NWwRIT = N+l
: .l
NJMN 4
= CA LKL
VMN sug
A 4
CAL\
YMN SYUB
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SUBROUTINE READIN

READ /WRITE
PAGE

HFEADER

,
REAMD
INPUT

DATA

WAITE
INPUT
DATA

CALL

INITI G

RETURN
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SUBROUTINE INITIAL

SET

WiST(X) = W(r)

EXTEND
VW, € wiesT
PROFILES

FROM Nw&T
Y0 50

CoM PUTE .
GWALL T h, Te
TOA - 201
TDPA: 2/47
pETA2: (an)?

RE TURN

32



SUBROUTINE EDGE 1

U, = EDGE (ME%E 1)

SET EDGE
CONPDITIONS
AT THIS &

EKSIZ EKSIS +
(MEDGE - 1) % DKS 1

TSQs1 = W

ME P&4E = MEDGE + |

AETYRN

33




SUBROUTINE NXTLST

?mv ‘/1,, Nne+
TM+ ‘/1’ net

9m+t g n+!

Tgn+Van§ LY

CoAPUY &

34

comPut e
me\/._,'\fl
)mvs(,_’ n )

Pf wiy n+t

A

ComPuTE )

ne ) vl.‘r\

S

ComeulE

¢, Pe )[5"-

cComPutTt
Kt Vo, nt)

d‘l me Vg g N

Ve

ComMmMPUTH

H ¢ F
MATRICES

RE TURN ]




INITIALIZE MATRICES
Dt -0

AA;; -9
Bi; Y

Ci} = 0

Com PUTE
F‘ﬂﬁvl N

(1'\' Va n

D~ vy ) n

CompPuJutT R
% S Ve‘r/,,,\s

$| ’32)53
CompPutE
‘
FW 7“ En
Fv")' J'l'} pnq

CorfuTl
Y
'

i
H

S

SUBROUTINE ABCD
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CALY

NAT LG T

f CcompurTe,

¢, 2,0
14 / 4

(g/rr) )xi |o<1

ComPUTE THE
CONVE NI R ANT

CUM B, OF TEARMS

MO EMNMTUM
FEQUATIianN
COEFFICIENTS

Lornpyr e P

I—.
F, N i Pl i_'\ \

EGoinTion

weF oo T .;;'__,(E,\,TC)

LSl 2.2 _J

Frveas o X
EyUunT/0700

CUF Y EICIENTS

CempuoT § J‘

LY Lt é uN ]
]
!

.
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SUBROUTINE EKPK

MATRIX 0P,
A= &z "’C,.LxH

Teme = aA,+<F

CALWL MATINY
G\vES

Az (B,7C H).‘

MRIRVX OFf )

AA> AXTEM

CoOMPUT E
MN For 1oC.-

oOF E-n—‘

v

TEﬂf4_~z‘J 2

T=1,2,3

[
6"11’

METRLK oPp.

Az A+ CxTEMS

!

A= (6 tcxE)

CALL MATINYV

GV ES -

(MARTIX 7 FYTTT

TEMP = AXAA

CopAPUTE N\

ForR Loc. ot

(A1’

(ol

T=:v,2,3
Emerv,z =-TEMP

maskiX OF.

TEMP=C ¢

D: pP-TEMP

B
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SUBROUTINE WNSUB

- &

N =

(R I o
P

[1Y [\

i

- Z

TeEaAmy
TEAM 2
TFRMm 13 = Wreed
MN = SN-1

LU
T
4

)

]

TEMP, 1 1

= Emu&i,r

i

COMPVTE

N, T

< N2
. 7
vz

S

COMPUT R

“\)I
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SUBROUTINE VMNSUB

comM Uy E

V.
=2 RETURN
o §0
st T o
WLST =W
AETURN
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IV, FURTHER WORK

During the first quarter major emphasis was placed on bringing a
computor program into existence. This required an entensive reduction of
the governing equations, which has now been completed. The numerical tech-
niques are reasonably in hand, the program has been flow charted, and all
subroutine programs have been written in Fortran IV,

During the second quarter a punch card source deck will be typed,
compilation will be carried out and debugging will proceed, One particular
channel flow will be used for initial calculations. We expect to use the
M = 0,5 case recently calculated by Nichols for this purpose,

As we proceed to evolve this program, further theoretical work will
be carried out to better our understanding of the zlectron energy equation, the
necessary transport properties, and the sheathdescription. It is hoped that
interpretation of the calculated results will proceed alongside the above

theoretical studies.
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